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Potential. Solution of Poisson’s Equation, Equations of Continuity 
and Elasticity 
Alexander Ivanchin 
 
The modern theory of the potential does not give a solution of Poisson’s 
equation. In the present work its solution has been found via generalized 
functions and a nonpotential solution of the continuity equation has been 
obtained. The method is demonstrated by the solution of elasticity equations 
using the example of a crack in the infinite specimen and a surface crack. Their 
elastic energies have been calculated. In has been shown that there is no 
critical condition for a crack in the infinite specimen and the crack always 
closes. Only the surface crack possesses the critical condition.  
 
Introduction  
In physics the method of the potential is used to solve differential equations. The present-day 
theory of the potential does not offer a solution of Poisson’s equation. In the present work the 
method of the potential has been examined on the basis of generalized functions [1], a solution of 
Poisson’s equation has been obtained and a nonpotential solution of the continuity equation has 
been derived. At the beginning of the article some data are presented from the theory of 
generalized functions important for the description of the theory of the potential.  
 
 
1. The method of the potential 
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 - for the Laplace operator. 
The fundamental solution of the equation for the Laplace operator is the solution of the 
equation  
( ) ( )xx δ=∆Γ  (1.1) 
Here ( )xδ  is the Dirac function. The Poisson equation is 
( )rFpi2=∆Φ  (1.2) 
 
( )rF  is the known function. According to the present-day knowledge, the solution (1.2) is the 
function F*Γ=Φ .            
 The symbol  *  stands for convolution. Convolution of the two functions f1  and f2  is 
( ) ( ) ( ) ( )dttftxfdttxftfff 212121 * ∫∫ −=−=        
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x
 and nRt ∈ . Integration is performed over the whole space. The convolution has the following 
differential property 
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In addition to the Dirac δ -function
 
determined at a point, here its generalization is used ( ) SS δµ , 
i.e. the function determined on the surface S
 
in the following way [1]  
( ) ( ) ( ) ( )∫∫ =
SV
S dSSxFdVSxF µµ δ  (1.4) 
 
The generalized function is the linear functional determined from a set of finite functions. The 
supplier of the generalized function is the set in which the generalized function is not zero. For 
the Dirac δ - function the supplier is a point and for ( ) SS δµ  - the surface S . 
The fundamental solution (1.1) for the two-dimensional case is 
( ) 22ln
2
1
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pi
 (1.5) 
 
and for the three-dimensional case 
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r
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1
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=Γ  (1.6) 
 
 Further we shall consider the two-dimensional case. Extension to the three-dimensional case is 
not a problem. 
According to the present-day knowledge, a potential, that is a solution of the equation (1.2) 
for the two-dimensional case is  
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The gradient of ( )yx,Φ  is the vector Uˆ  
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So we derive 
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The second derivatives of (1.7) are written as  
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that is (1.7) is really a solution of the Laplace equation 0=∆Φ
 
rather than the Poisson equation 
(1.2).  
When explaining this paradox, it is usually pointed out that at x t= 1  and y t= 2  in (1.7) the 
numerator and the denominator become zero, with the zero of the denominator being  of a higher 
order than that of the numerator. What is meant by that is not usually explained. Actually, one 
should be careful or rather accurate when differentiating than integrating. If one deals with 
generalized functions, then differentiation should be understood in the generalized sense. For the 
classical derivatives 0ln =∆ r  across the whole plane except for the origin of coordinates where 
rln is not determined. The relation δ
2
1ln
pi
=∆ r  is derived during differentiation in the 
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generalized sense. Further classical derivatives will be designated by the Latin letters x∂∂  and 
the generalized ones by the capital xD , with the lower index indicating the differentiation 
variable and D∆  standing for the Laplace operator with the generalized derivatives D∆  . 
In the classical sense, along with (1.5) the solution of the Laplace equation is also the 
function  
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which, unlike (1.5) is discontinuous. In tracing the boundary around the origin of coordinates it 
increases by 1 and has a jump equal to 1 along the positive part of the abscissa. Therefore, the 
generalized derivative of (1.11) will be written as 
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and its Laplacian in the generalized sense is
 
xyD D +=∆ δϕ             
Here x+δ  is the Dirac function having the supplier as the positive part of the abscissa axis [1]. 
According to (1.4), for the finite functionφ  we have 
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is the Heaviside function. One arrives at the relation 
( ) ( )xxDx δ=Θ            
The derivative of F  is determined in this way 
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For classical derivatives the following equalities take place 
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From (1.13) and (1.14) it follows that the above equalities hold for the generalized derivatives 
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In [1] the following equality is proved  
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 - 4 - 
Here S  is the surface on which function F  has a jump, which is denoted by[ ]SF , [ ]iin=n  is 
normal to the surface S . The ( )arctan y x  is discontinuous on the positive side of the abscissa 
axis and, therefore, [ ]1,0 −=n . The value of the jump is ( )[ ] pi2arctan =+xxy , then from  
(1.13)–(1.15) it follows that  
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The equations in (1.16) solve the contradiction in (1.9) and (1.10). Substituting (1.16) into (1.8) 
instead of the classical derivatives we obtain the solution of the Poisson equation (1.2) in the 
form 
UUU ~ˆ += C  (1.17) 
 
Here С is the arbitrary constant and the vector U~ by (1.16) is written as 
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The derivative of xU
~
 with respect to х according to (1.12) looks like 
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If the generalized function ω
 
has a point as a supplier, it is presented, in the general case, like 
this [1] 
( ) ( )rDC
k
k
k∑
∞
=
=
0
δω  (1.19) 
 
Here Сk is the arbitrary constants, and ( )kD  is the generalized derivative of the k  -order. If the
 
supplier of the generalized function is not a point but a line or a surface, then the formula (1.19) 
is generalized for this case  
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It is sufficient to find a solution of the differential equation with δ=ω  and derive from it a 
general solution (1.19) and (1.20). From the general solution using some additional conditions 
one can obtain a solution that is implemented in physics. It is impossible to determine the form of 
the additional conditions in a general case, as they are chosen specifically for a particular 
problem. 
In physics when solving the equation 
0=•∇ U  (1.21) 
 
the following technique is used. It is said that suppose the unknown function U  is potential, that 
is, it is shown in the form 
Ψ∇=U  (1.22) 
 
then (1.21) is reduced to the Laplace equation  
0=∆Ψ             
whose solution is (1.5) or (1.6). The supposition on potentiality does not follow from the physical 
laws, but it is made to solve the problem in some way. The obtained solution is considered 
unique. It is a mistake. Let us consider here another nonpotential solution (1.22). Substituting the 
nonpotential vector U~
 
from (1.18) into (1.21.) we arrive at 
F=•∇ U~  (1.23) 
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Let us find a solution of the Poisson equation 
F=∆Ψ             
Then the vector Ψ∇−U~  will be a nonpotential solution of the equation (1.21) meeting the same 
boundary conditions. Examples of obtaining such solutions for particular physical problems are 
given below as well as in [2,3].  
Let ( )xF  be primitive of ( )xf , then we get the following equality 
( ) ( ) ( ) ( ) ( )02sign FbFaFdtttf
b
a
−+=∫  (1.24)  
The theory of elasticity is chosen specially to illustrate the suggested method, because the 
equations of the elastic equilibrium are not Poisson’s equations in a pure form. However, it is 
possible to reduce the above problem to the solution of the Poisson equation. Besides, the theory 
of elasticity allows one to illustrate the application of the generalized functions different from the 
point δ -function. 
2. Solution of the Equation of the Elasticity Theory by the Method of the Potential 
For an elasto-isotropic body the stress tensor jiσ  and the deformation tensor ijε  are related via 
the linear dependence [8] 
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Here G is the shear module, ν  is the Poisson coefficient, 
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,1δ  is the Kronecker symbol, U  is the elastic displacement vector. The 
deformation tensor is  
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The equation of elastic equilibrium is written as [8]: 
0=×∇×∇−•∇∇ UU a  (2.4) 
 
The sources of displacement are designated by vector X  and include plastic deformation, 
thermal expansion and internal ruptures: cracks, pores, etc. Then the elastic displacement is 
expressed in the form 
XTU −=  (2.5) 
 
Here T  is the total displacement. Substituting (2.5) into (2.4) we obtain the equation 
XXTT •∇•∇−•∇∇=•∇•∇−•∇∇ DDDDDDDD aa  (2.6) 
 
The sources of displacement can be concentrated, that is non-zero, at points, lines, surfaces. The 
generalized functions are needed to describe them [1]. Outside the carrier of the generalized 
function the equality TU =
 
takes place, that is, outside the carrier (2.6) coincides with (2.4). 
Applying the operation of divergence and rotor to (2.6) we obtain a system of equations 
( ) ( )XT •∇∆=•∇∆ DDDD  (2.7) 
 
( ) ( )XT ×∇∆=×∇∆ DDDD      
Here the differential equalities are used 
 
( )
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DD
DDDDD
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If we remove the similar differential  operators in (2.7) and writes down XT = , then we 
derive a trivial solution 0≡U , which is not of interest. (2.7) are Poisson’s equations with respect 
to T•∇D  and X×∇D . Let us consider the first equation (2.7), and the second is solved in the 
same way. According to (1.17), the solution (2.7) is 
( ) UΧUΧT ~~* •∇+•∇=•∇+Γ•∇∇•∇=•∇ DDDDDDD CC  (2.8)  
By (1.3) we get 
( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ΧΧΧΧΧ •∇=•∇=Γ∆•∇=Γ•∇∆=Γ•∇∇•∇ DDDDDDDDD yx δδ****    
According to (1.8)  
0~ =•∇∆ U  (2.9) 
 
The above equality must be fulfilled outside supplier Χ . 
 Suppose in (2.8) T  is the potential vector, i.e. Φ∇=T
. 
Then (2.8) is written as 
ΧT •∇=∆Φ=•∇  ,     
Then  
Χ•∇∗Γ=Φ D  (2.10) 
 
Outside the supplier, like in (2.9), one can write down 
Φ∇=Uˆ      
 For the plane case, the solution (2.10) looks like  
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According to (1.8), we obtain 
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So long as 
0ˆ,0ˆ =∆=∆ yx UU ,     
then 
UU ~ˆ 10 CC +  (2.13)  
will be a solution of the equation (2.7) rather than that of the elastic equilibrium (2.4). Here { }0,ˆ~ xU=U  (2.14)  
С1 and С2 are the arbitrary constants. Divergence of the vector U
~
 is written as 
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Vector U~  is neither potential nor vortex, since 0/~,0/~ ≡×∇≡•∇ UU  
Substituting U~  into (2.4) one can be convinced that U~  is its solution, but only at one value 
1=a , which is the same as
 
∞=ν . Such a value does not correspond to real materials. In order 
to obtain a solution for the arbitrary a , add to (1.23) the potential vector Ψ∇ , such that its 
divergence is equal to (2.15) 
( ) ( )222
22
2
1
yx
xy
+
−
∗•∇=∆Ψ Χ
pi
 (2.16) 
 
Then the solution (2.4) is the vector 
( ) Ψ∇−−= a1~UU  (2.17) 
 
and the general solution (2.4) is written as ( 0C  and 1C   are arbitrary constants) 
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UUT 10 ˆ CC +=  (2.18)  
The method is demonstrated below by the solution of the problems of the two-dimensional 
theory of elasticity for dislocation, a crack in the infinite  specimen and a surface crack. The 
above method  has two advantages as compared to the method of the functions of the complex 
variable. Firstly, it is useful for three-dimensional problems and can be extended to nonstationary 
problems as well as those with a plastic displacement. Such problems cannot be solved in 
principle by means of the method of the functions of the complex variable. Secondly, the method 
makes is possible to calculate elastic energy analytically. The reader is referred to [2] for the 
solution of a three-dimensional problem obtained by the above method. 
3. Dislocation 
Let us consider dislocation as an insert of an additional atomic half plane along the positive 
part of the axis of ordinates. It is equivalent to the case of the displacement source of the X-type 
being located on the positive part of the axis of ordinates 
( ) ( )
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Here b is the Burgers vector. The divergence X is
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the integral diverges. Then by 
(2.12) we obtain at ∞→A : 
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The arbitrary constant vector, which does not contribute to deformation, can be added to Uˆ  
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Vector U~ is determined according to (2.14). Using (2.16), (3.1) we get 
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We shall seek for the solution of (3.2) using the method of separation of variables. In the polar 
coordinates ϕϕ sin,cos ryrx ==  (3.2) has the form 
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Let us represent the unknown function in the form 
( ) ( ) ϕϕ sin, rRr =Ψ     
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[ ]1ln2 CCrrrr
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Having chosen the values of the arbitrary constants 0,1 1 == CC  we obtain a particular solution 
(3.3)  
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Vector U  will be written as 
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According to (2.16) vector T   will be written as  
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The arbitrary constants must be determined from supplementary conditions. For the above 
problem these conditions will be  
1)  In tracing the dislocation line along the boundary the displacement vector gains the 
increment { }0,1b=b ; 
2)  There must be no concentrated force on the dislocation line. 
The increment of vector T   in tracing the origin of the coordinates, where the dislocation is 
situated, is written as  
{ } { }0,10,10 bCCbd =−=∫ T          
Hence 
C C0 1 1− =  (3.5) 
 
The stress tensor for (3.4) is written as 
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The force acting on the arc segment rdϕ
 
 is written in the Cartesian system of coordinates as  
{ } ϕσσσσ drnnnnd yyyxxyyxyxxx ++= ,F       
Here { }ϕϕ sin  ,cos=n  is normal to the segment rdϕ . Having integrated Fd  with respect to ϕ   
from 0 to 2pi   we obtain the concentrated force 
{ }10
2
0
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In equilibrium it is zero, hence 
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C C0 1 0+ =             
From the above and (3.5) we get 
 C C0 1 1 2= − = . 
From (3.4) we obtain 
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which is a well-known expression for the elastic field of the edge dislocation [4,5].  
Application of the principle of the minimum elastic energy to determine the arbitrary 
constants 0C  and 1C   gives the same result. Really, the minimum requires the derivatives of the 
total energy with respect to the generalized coordinates to be equal to zero. 
4. A Flat Crack 
The problem on the flat crack has been solved before by the method of the functions of the 
complex variable [4,5,6].  Here we shall find a solution of the same problem using generalized 
functions. Let us divide the elastic field in the specimen into an external field and a peculiar field 
of the crack. The external field is the field in the loaded specimen that has not been cut. The 
external load is the uniaxial tension along the axis of ordinates due to the external tension exσ . It 
produces deformation 
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If one makes a cut in a loaded specimen leaving the edges free, then the crack will open and  
an additional deformation ε  to (4.1) will appear. Let us call it a peculiar field of the crack or just 
a crack field. The total field of the deformation fε  is 
εεε += exf             
The cut is located on the abscissa axis on the segment ),( LL− , and we shall designate it by M , 
and the arbitrary point on the plane xy  by P . The boundary conditions are  
0      ,0 ==+ xyyy
ex σσσ
     at MP ∈                
  
    0→σ when  ∞→P     
(4.2) 
 
On М normal to the segment displacement changes by a jump [ ] ( )xFТ
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therefore, the displacement source М is written as 
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Component хТ  is continuous. Divergence in the generalized sense is written as 
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Therefore, the divergence source is 
M0 δ )(xF=Χ•∇            
The unknown function ( )xF  sets opening of the crack. 
Since we are dealing with a crack of a normal opening, we shall have to do with the equation 
(2.7), which is written as 
( )( )MxF δ )( ∆=•∇∆ Т
.
         
According to (2.8), for the first component in the right side we have  
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( ) MxF δ =•∇ T            
According to (2.11), we obtain 
( ) ( ) ( )∫
−
+−=∗+=Φ
L
L
M dtytxtFxFyx 2
222 ln
2
1
δln
2
1
pipi
 (4.3) 
 
Hence, taking into account (1.3) and (2.12) we get 
( ) ( ) ( )
( ) ( ) dt
y
tx
tf
yx
y
xFU
dtytxtf
yx
x
xFU
L
L
My
L
L
Mx
−
=
+
∗=
+−=
+
∗=
∫
∫
−
−
arctan
2
1
δ
2
1
ˆ
ln
2
1
δ
2
1
ˆ
22
22
22
pipi
pipi
 (4.4) 
 
Here 
( ) ( )
dx
xdF
xf −=  (4.5) 
 
At 0→y  
( ) ( )ytx
y
tx
signsign
2
arctan −→
− pi
         
therefore, according to (1.24),  the displacement yUˆ  on segment M  looks like 
( ) ( )
( ) ( ) ( ) ( ) ( )yxFdttxtfy
dt
y
tx
tfxU
L
L
L
L
yy
sign
2
1
signsign
2
1
arctan
2
1lim0,ˆ
0
−=−=
=
−
=
∫
∫
−
−
→ pi
 (4.6) 
 
Therefore 
( ) ( )yDxFU yy δ2
1
ˆ
−=∆  (4.7) 
 
Differentiating (4.6) we obtain deformation on М: 
( ) ( ) ( ) ( ) ( ) dt
tx
tf
xF
y
xU
xx
L
L
M
y
xxyy ∫
−
−
−=−=
∂
∂
=−=
pi
εε
2
1
δ
2
10,ˆ0,ˆ0,ˆ  (4.8) 
 
The diverging integrals are understood in the sense of the principal value, namely 
( ) ( ) ( )








−
+
−
=
−
∫∫∫
+
−
−
→
−
L
x
x
L
L
L
dt
tx
tfdt
tx
tfdt
tx
tf
ρ
ρ
ρ 0
lim
 (4.9) 
 
According to (2.16), 
( ) ( ) ( )
( ) ( ) ( ) xx
L
L
M
MM
dt
ytx
tx
tf
yx
x
xF
x
yx
x
x
xF
yx
xy
xF
ε
pipi
pipi
ˆ
2
1
δ
2
1
δ
2
1
δ
2
1
2222
22222
22
=
+−
−
=
+
∗
∂
∂
=
=
+∂
∂
∗=
+
−
∗=∆Ψ
∫
−
 (4.10) 
 
The solution (4.10) is derived by separating the variables in the same way as for (3.3): 
( ) ( ) ( ) dtytxtxtfL
L
22ln
4
1
+−−−=Ψ ∫
−
pi
        
Gradient Ψ  is written as 
( ) ( ) ( )( ) ( )
( )
( ) 




+−
−
+−
−
++−−=Ψ∇ ∫∫
−−
   ,  ln
4
1
2222
2
22
L
L
L
L
dt
ytx
ytx
tfdt
ytx
txytxtf
pi
 (4.11) 
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Vector U~  is obtained from (2.14). Vectors U~  and Ψ∇  are continuous when passing through 
segment  M  in contrast to Uˆ  and do not contribute to the value of the crack opening. Only 
component yUˆ
 
of vector Uˆ  has a rupture on segment M . Outside segment M each component 
Uˆ  satisfies the Laplace equation, so one can write 
( ) My xFU δˆ =∆            
Then a common solution is given by (2.18). The deformations produced by vector Uˆ , according 
to (2.3), are as follows 
( ) ( ) ( )
( ) ( ) ( ) dtytx
y
tf
yx
y
xf
dt
ytx
tx
tf
yx
x
xf
L
L
Mxy
L
L
Myyxx
∫
∫
−
−
+−
=
+
∗=
+−
−
=
+
∗=−=
2222
2222
2
1
δ
2
1
ˆ
2
1
δ
2
1
ˆˆ
pipi
ε
pipi
εε
 (4.12) 
 
those produced by vector U~ : 
xyxyyyxxxx εεεεε ˆ2
1
~
,0~,ˆ~ ===          
and those caused by vector Ψ∇ : 
12
ˆ
ˆ
2
1
ˆ
2
1
ω
ε
ε
ωεε
ωεε
+−=
−=
+=
Ψ
Ψ
Ψ
xy
xy
xxyy
xxxx
           
Here 
( ) ( )( )[ ]
( )
( ) ( )[ ] dtytx
y
tf
y
ydt
ytx
ytx
tf
L
L
xx
L
L
∫
∫
−
−
+−
=
∂
∂
=
+−
−
=
222
3
1
222
2
2
1
ˆ
22
1
pi
ω
ε
pi
ω
 
(4.13) 
 
 
The deformation tensor produced by the displacement vector T
 
by (2.17), (2.18), (4.4) and 
(4.11)
 
is written as 
( )[ ]
( )
( )
xxyyxx
xyxyxyxy
yyyyyy
xxxxxxxx
aC
aCC
aCC
aCC
εεε
εεεε
εεε
εεεε
ˆ
1ˆ
2
1
ˆ
1ˆ
1ˆˆ
1
10
10
10
=+




−−+=
−−=
−−+=
Ψ
Ψ
Ψ
 (4.14) 
 
At MP ∈  we have 
( )
( ) ( ) ( )MMM
M
xxyyxx εεε
ω
ˆ
2
1
0
==
=
ΨΨ  (4.15)  
Differentiating (4.6) with respect to x
 
we obtain 
( ) ( ) yxfMxy sign2
1
ˆ =ε           
Hence, the shear stress on the surface of the crack from (4.2) and (4.14) is written as  
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( ) 0sign
2
1
0 ≡





+= yxfCCGxyσ          
It is possible only at 
01 2CC −=  (4.16) 
 
The stress tensor of the peculiar field of the crack is written as 
( ) [ ]
( ) [ ]
( ) Ψ−=
−−=
+−−=
xyxy
yyyy
xxxx
aGC
GCa
GCa
εσ
ωεσ
ωεσ
14
2ˆ12
2ˆ12
0
0
0
 (4.17) 
 
Normal stresses on the surface of the crack taking into account (4.15) will be 
( ) ( ) ( ) ( )[ ] ( ) ( ) exL
L
yyyy dttx
tfGCaMMGCaM σ
pi
ωεσ −=
−
−−=−−= ∫
−
00 12ˆ12    
Hence 
( )
( )aGCdttx
tf exL
L −
=
−
∫
−
10
piσ
 (4.18) 
 
The solution of this singular equation is shown in [5], where it is demonstrated that there are 
three solutions (4.18). They differ in the behaviour near  the ends of segment M . The first 
solution is limited at both ends. It requires a condition which cannot be satisfied in this case 
( ) 0
22
=
−
−
∫
−
L
L
dt
tx
tLt
 
It means that such solution does not exist. The second solution is limited at one end of segment 
M  and unlimited at the other. The above solution is related to the wedge-shaped crack. 
The third solution is not limited at either ends of segment M . It looks like 
( )








+
−
−
−
−= ∫
−
Cdt
xt
tL
xL
xf
L
L
22
22
11
pi
        
Here C  is the arbitrary constant. Integrating we obtain 
( )
22 xL
Cx
xf
−
−
−=
           
Its primitive by (4.5) is 
( )
L
xCxLxF arcsin22 +−−=          
The solution must be symmetrical with respect to the axis of ordinates. For this it is necessary 
that 0=C . Finally, we get 
( )
( )
22
22
xL
x
xf
xLxF
−
−=
−−=
 (4.19) 
 
Then 
( )
pi−=
−
∫
−
L
L
dt
tx
tf
 (4.20) 
 
From (4.8) we obtain 
( ) ( )
2
10,ˆ0,ˆ =−= xx xxyy εε           
From (4.16), (4.18) and (4.20) we get 
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( )
01
0
2
1
CC
Ga
C
ex
−=
−
−=
σ
 (4.21) 
 
The value of the crack opening will be  
( ) ( )yxLGaT
ex
y sign1
22
−
−
=
σ
         
The deformation tensor will be written as 
( ) ( )[ ]
( ) ( )[ ]
( ) xx
ex
yyxx
xy
ex
xy
xx
ex
yy
xx
ex
xx
Ga
a
G
aa
Ga
aa
Ga
ε
σ
εε
ε
σ
ε
ωε
σ
ε
ωε
σ
ε
ˆ
1
2
2
12ˆ
1
12ˆ
1
−
=+
−=
−+
−
−=
−−
−
=
Ψ
 (4.22) 
 
      
The stress tensor will be written as  [ ]
[ ]
Ψ
−=
+=
−=
xy
ex
xy
xx
ex
yy
xx
ex
xx
εσσ
ωεσσ
ωεσσ
4
2ˆ2
2ˆ2
 (4.23) 
 
Since ( ) LxF ≤ , then, according to (4.4), at ∞→+= 22 yxr   the displacement and 
deformations are as follows 
01~ˆ,1~ˆ 2 →
rr
εU  (4.24) 
 
  
5. A Crack on the Surface 
In the problem on the crack examined above let us add one more cut along the axis of 
ordinates. Due to the stresses of the peculiar field of the crack a displacement will occur in it and 
an additional elastic field cU
 
will appear. Let us call the latter a compensation field. Its 
deformation is cε
 
and its stress is
 
cσ
. 
The following
 
boundary conditions must be satisfied on 
the axis of ordinates 
( ) ( ) ( ) ( ) 0,0,0,0,0,0 =+=+ yyyy cxyxycxxxx σσσσ          
and on segment М  
( ) ( )
( ) ( ) 00,0,
00,0,
=+
=++
xx
xx
c
xyxy
c
yy
ex
yy
σσ
σσσ
          
At infinity  0→cσ . On the axis of ordinates the total stresses are equal to zero, one half can be 
removed and we get a problem on a half plane with a surface crack. 
At 0=x  in (4.17) 0=xyσ , since under the integral Ψxyε  in (4.13) there is an odd function in 
t . For xxεˆ  we have 
( )








−
+
=
+
−
−= ∫
−
1
2
1
2
1
,0ˆ
222222
2
yL
y
yt
td
tL
ty
L
L
xx pi
ε
 (5.1) 
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Integration in (5.1) is performed through passing to complex variables 
( ) 2
1
22
1
ˆˆ
222222
−
−
=








−−
+
−
−=+ ∫∫
−−
zL
zi
tztL
dt
z
tL
dti
L
L
L
L
xyxx pi
εε  (5.2) 
 
Here yixz −= . Assuming in (5.2) that 0=x
 
we obtain (5.1). The integrand in (5.1) is even in 
y . To retain evenness for the integration result in (5.2), it is necessary to introduce the function 
ysign . Besides, if the function ysign
 
is not introduced, then the function 
−∞→−→−
+
y
yL
y
,21
22
         
which contradicts (4.24). Introduction of ysign  is due to the fact that the square root is a two 
valued function, and its value should be chosen based on the physical sense. There is an equality 
yyy =sign . 
According to (4.13) and (5.1), 
( ) ( ) 2322
2
0 4
ˆ
2
,0
yL
yL
yd
dyy
x
xx
+
−=





=
=
ε
ω         
The stress on the axis of ordinates caused by the crack field on segment M  by (4.23) is 
( ) ( ) ( )[ ] ( )
( )∫
−
+
−
−
−=
=








+
−−
+
=+−=
L
L
ex
ex
xx
ex
xx
dt
yt
yt
tL
t
yL
yL
yL
y
yyy
222
22
22
2
2
322
2
22
1,02,0ˆ2,0(
pi
σ
σωεσσ
 (5.3) 
 
The stress (5.3) is represented in two forms: explicit and integral. Let us introduce a source of 
displacement into the axis of ordinates  
( ) yyP δ2piχ =  (5.4) 
 
As in the previous section, ( )yP  is the unknown function. It should be chosen in such a way that 
the stress in (5.3) is compensated. The source of displacement (5.4) corresponds to the field of 
displacement 
ccc CC UUT 10 ˆ +=            
Here 
( )
( ) ( )∫
∫
∞
∞−
∞
∞−
−+=
−
=
dttyxtpU
dt
x
ty
tpU
c
y
c
x
22ln
2
1
ˆ
arctan
2
1
ˆ
pi
pi
          
Vector cU  is written as 
( ) ccc a Ψ∇−−= 1~UU           
where { }cyUˆ,0~ =U             
( )( ) ( )∫
∞
∞−
−+−=Ψ dttyxtytPc 22ln
4
1
pi
        
( ) ( )
y
yPyp
∂
∂
−=  (5.5) 
 
The deformation is written in the form : 
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( ) ( )
( ) ( ) dttyx
x
tp
dt
tyx
ty
tp
c
xy
c
xx
c
yy
∫
∫
∞
∞−
∞
∞−
−+
=
−+
−
=−=
22
22
2
1
ˆ
2
1
ˆˆ
pi
ε
pi
εε
 (5.6) 
 
( ) ( )( )[ ]
( ) ( )[ ] dttyx
x
tp
dt
tyx
xty
tp
c
c
cc
xy
c
xy
cc
yy
c
yy
cc
yy
c
xx
∫
∫
∞
∞−
∞
∞−
Ψ
Ψ
Ψ
−+
=
−+
−
=
+−=
+=
−=
222
3
1
222
2
1
2
1
2
1
ˆ
2
1
ˆ
2
1
ˆ
2
1
pi
ω
pi
ω
ωεε
ωεε
ωεε
 (5.7) 
 
Let us assume the unknown constants 10 , CC  to be equal (4.21). It does not reduce the 
generality of the problem, so we have the unknown function ( )yP
 
at our disposal.
 
The stresses 
will be as follows [ ]
[ ]
Ψ
=
−=
+=
xy
ex
xy
cc
yy
exc
yy
cc
yy
exc
xx
εσσ
ωεσσ
ωεσσ
4
2ˆ2
2ˆ2
 (5.8) 
 
From (5.5) and (5.7) it follows that 
( )
( ) 0,0
0,0
=
=
Ψ
y
y
c
c
xy
ω
ε
 
Then according to (5.8), we obtain 
( )
( ) ( )yy
y
c
yy
exc
xx
c
xy
,0ˆ2,0
0,0
εσσ
σ
=
=
 
From (5.1) and (5.3) it follows 
( ) ( ) 0,0,0 =+ yy cxxxx σσ  
Hence, taking into account (4.23), (5.3) and (5.6)  
( )
( ) dt
yt
tp
td
yt
yt
tL
tL
L
∫∫
∞
∞−−
−
=
+
−
−
222
22
22
2
        
We have derived a singular integral equation for the unknown function ( )yp . Its solution is 
known [5]: 
( ) ( )∫ ∫
∞
∞− −
−+
−
−
−=
yt
dt
td
tt
tt
tL
typ
L
L 1
1
22
1
2
2
1
2
22
2
2
1
pi
       
Let us take the integral 
( ) tyt
ty
yt
dt
tt
tt
sign2 22
1
1
22
1
2
2
1
2
+
−=
−+
−
∫
∞
∞−
pi        
Then 
 - 16 - 
( ) ∫
−
+
−
=
L
L yt
dtt
tL
tyyp 2222
3 sign2
pi
 (5.9) 
 
22222222
3
arctanh2
yL
L
yLyt
dt
tL
tL
L ++
=
+
−
∫
−
 
As a result, we get 
( )
2222
arctanh4
yL
L
yL
yyp
++
−=
pi
 
A jump of displacement on the additional cut is written, according to (5.5), as 
( )








+
−+
++
+−=
L
yL
LyL
LyL
yLyP ln2ln2
22
22
22
pi
      
The arbitrary integration constant is dropped. The displacement on the additional cut has a 
logarithmic divergence at infinity. 
The deformations of the compensation field cT  on the abscissa axis are 
( ) 0
2
1
ˆ
22 =+
= ∫
∞
∞−
dt
tx
x
tpcxy pi
ε          
due to ( )yp being odd. The stress cyyσ  on the abscissa is written as 
 ( ) ( )0,ˆ
1
2140, x
a
a
x cyy
exc
yy εσσ
−
−
=               
The integral representation ( )yp
 
is used for 
( ) 0sign1
2
1
ˆ
2
1
2
1
2
1
2
1
22
3
222 =++
−
−=
+
−= ∫ ∫∫
−
∞
∞−
∞
∞−
L
L
c
yy dttt
dt
tx
t
tL
ttdt
tx
tpt
pipi
ε
      
since under the integral there is an odd function in 1t . The compensation field does not produce 
stress on the crack surface.  
Thus, we have found an accurate solution of the problem on the flat crack emerging on the 
free surface of a semi-infinite body. 
6. Elastic Energy of the Crack in the Infinite Specimen 
Deformation of an infinite specimen with a crack is written as 
exεεε +=  (6.1) 
 
The density of the elastic energy of a specimen with a crack is [8]: 
( ) [ ] iexyyxyxxyyxx wwwGG
a
a
w ++=++++
−
=
2222 2
2
21
εεεεε  (6.2) 
 
The bar above the symbol denotes that the value is related to the total field of elastic 
deformations. Here 
( ) ( ) ( ) ( )[ ]2222 2
2
21 ex
yy
ex
xy
ex
xx
ex
yy
ex
xx
ex GG
a
a
w εεεεε ++++
−
=  (6.3) 
 
is the density of the energy of external stresses 
( )( ) [ ]yyexyyxyexxyxxexxxyyxxexyyexxxi GG
a
a
w εεεεεεεεεε +++++
−
= 2221  (6.4) 
 
is the density of the energy of the interaction between the external field and the crack field 
( ) ( ) ( ) ( )[ ]
( )  ∇+∇+−=
=++++
−
=
2222
0
2222
ˆ212
2
2
21
yxxx
xyyyxxyyxx
TTGGCaa
GG
a
a
w
ε
εεεεε
 (6.5) 
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is the density of the energy of the crack field. Having integrated the energy density over the 
whole specimen we shall obtain the total elastic energy of the specimen with a crack 
∫=
V
dVwW  (6.6) 
 
It consists of the elastic energy of the external field 
∫=
V
exex dVwW  (6.7) 
 
the elastic energy of the interaction between the external field and the crack field 
∫=
V
ii dVwW  (6.8) 
 
and the elastic energy of the crack 
∫=
V
dVwW  (6.9) 
 
The external field energy (6.7) does not depend on the length of the crack, and during 
differentiation with respect to L  it reduces to zero. Besides, it is not limited in an infinite 
specimen, so to avoid its divergence, it should be subtracted from the total energy (6.6). 
The surface area of the crack is L4 . The surface energy of the crack Lγ4  must be added to 
(6.6), here γ  is the surface energy density, and we shall obtain the potential energy of the 
specimen with a crack  
LWW P γ4+=  (6.10) 
 
Having differentiated PW  with respect to the crack length L2   we shall get a generalized force 
acting upon the crack in the form 
( ) ( ) γ22
1
2
+
∂
∂
=
∂
∂
=
L
W
L
WLg
P
 (6.11) 
 
If ( ) 0>Lg , then the crack tends to close, since with increasing length of the crack the energy 
(6.10) increases. If ( ) 0<Lg , then the crack tends to grow, since with increasing length of the 
crack the energy (6.10) decreases. The condition ( ) 0=Lg  is critical. 
According to (2.3), (4.4) and the Green theorem  
( )
[ ] ( ) ( )
( ) ( ) 2
222
4
0,ˆ
0,ˆ
δ*ˆ
ˆˆ
ˆ
ˆˆ
ˆˆ
LdxxxF
dx
y
xU
xFdVFDU
dVUUdS
n
U
UdVUdV
L
L
yy
L
L
y
V
Myy
V
yy
S
y
y
V
y
V
yyxy
pi
ε
εε
==
=
∂
∂
=−=
=∆−
∂
∂
=∇=+
∫
∫∫
∫∫∫∫
−
−
 
(6.12) 
 
Similarly 
( ) ( )( ) ( )( )
0ˆˆ
ˆ
ˆˆˆ
ˆˆˆˆˆˆˆˆˆˆ
22
=∆+
∂
∂
−=∇∇−=
=++−=+−=−
∫∫∫
∫∫∫
V
xy
S
x
y
V
yx
V
yyxyxxxy
V
yyxyyyxy
V
yyxy
dVUUdS
n
UUdVUU
dVdVdV εεεεεεεεεε
 (6.13) 
 
because 0ˆ =∆ xU across the whole plane ху. From (4.12), (6.12), (6.13) it follows that 
2222
8
ˆˆˆ LdVdVdV
V
xy
V
yy
V
xx
pi
εεε === ∫∫∫  (6.14) 
 
By (2.18)  
( ) UUUUT ~1ˆˆ 11010 CaCCCC +Ψ∇−−=+=         
According to the Green theorem, 
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( )
( ) ( ) ( ) ∫∫∫∫
∫∫∫
∂
∂
+∆+∆−=
∂
+∂
+∆+∆−=
=





∂
∂
+
∂
∂
+∆+∆−=∇+∇=
SV
yyxx
S
yx
V
yyxx
S
y
y
x
x
V
yyxx
V
yx
dS
n
dVTTTTdS
n
TT
dVTTTT
dS
n
T
T
n
T
TdVTTTTdVTTJ
222
22
1
2
1
2
1 T
 (6.15) 
 
By (4.4) and (4.24) at larger 22 yxr +=   
r
1
~T ,  
then  
2
2 1
~
r
T  , а 3
2
1
~
rn∂
∂ T
 
Therefore, when the contour diameter ∞→S  
0
2
→
∂
∂
∫
S
dS
n
T
 
There is another way of evaluating the integral. Due to symmetry with respect to the axes of the 
coordinates the function 2T  will be an even function in both variables. Its derivative x∂∂ 2T  - 
is odd in х and even in у, y∂∂ 2T  is even in х and odd in у. Let us take as the integration 
contour a square with the center at the origin of the coordinates and the vertices at the points 
( ) ( ) ( ) ( )AAAAAAAA −−−− ,,,,,,, . Then we have 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) 0,,,,
,,,,
2222
22222
=−
∂
∂
−
∂
∂
−−
∂
∂
+
∂
∂
=
=−
∂
∂
−−
∂
∂
−
∂
∂
+
∂
∂
=
∂
∂
∫∫∫∫
∫∫∫∫∫
−−−−
−
−−
−
dxAx
y
dxAx
y
dyyA
x
dyyA
x
dxAx
y
dyyA
x
dxAx
y
dyyA
x
dS
n
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
AS
TTTT
TTTTT
 
The above way of integration is the generalization of the notion of the principal value of the 
integral (4.9) applied for the one-dimensional case to the multidimensional case. The integral 
diverging along an arbitrary contour can converge along the symmetric path. We obtain from 
(6.15): 
[ ]∫∫ ∆+∆−=∇+∇=
V
yyxx
V
yx dVTTTTdVTTJ
22
1  (6.16) 
 
By (2.17), (2.18), (4.4) and (4.11) we have 
( )
( ) 





∂
Ψ∂
−+=




∂
Ψ∂
−+−=
y
aUCT
x
aUCT
yy
xx
12ˆ
12ˆ
0
0
 (6.17) 
 
Hence (4.10):  
( )
( )
y
aCT
x
aCT
xx
y
xx
x
∂
∂
−=∆
∂
∂
−=∆
ε
ε
ˆ
12
ˆ
12
0
0
 (6.18) 
 
We have the following equalities 
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From the above equation and from (6.16), (4.10) we obtain 
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Taking into account (4.14) and (6.14) we obtain 
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The crack energy by (6.5), (6.19) and (6.20) is 
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The energy of interaction between the external field and the crack field is 0=iW . Really, 
the deformation of the external field does not depend on the coordinates. During integration in 
(6.8) its components are removed from the integral, with the remaining integrals only of the first 
degrees ε . Taking into account (4.12), (4.13) and (4.22) we obtain 
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Integration in the sense of the basic value yields 
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because under the integral there is an odd function in y .  
The total energy consists of the self-energy and the surface energy. The generalized force 
acting upon the crack, according to (4.21) and (6.11), is written as 
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and it is always larger than zero, because both the terms are positive. The density of the crack 
energy (6.5) is a quadratic value and it is always positive. Its integral will be a positive value. 
Therefore, in the infinite specimen of the critical length there is no crack, as it always tends to 
close due to the elastic and surface energies.  
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7. Compensation Field Energy 
The deformation of a specimen with a surface crack is  
 
exc εεεε ++= .            
The elastic energy for the above deformation is written in the form (6.6) and the potential energy 
– in the form (6.10) with three values added: 
1. The compensation field energy (6.5)  
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2. The energy of the interaction between the crack field and the compensation field 
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3. The energy of the interaction between the compensation field and the external field 
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Let us calculate on the analogy with (6.12): 
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After proceeding to the dimensionless variables Ly=ξ  the integral does not depend on any 
physical parameters and its numerical value is  
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then the integrals in (7.1) are absolutely converging. Similarly (6.13): 
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Hence (7.1) as well as for (6.14): 
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The compensation field energy is positive and similarly to (6.21)  is written as  
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8. The Energy of Interaction between the Self-Field of the Crack and the Compensation 
Field 
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We have 
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As we cannot represent the expression cxyxy
c
xxxx εεεε ˆˆˆˆ −  in the form of a scalar product of two 
gradients like in (6.13), therefore it is necessary to evaluate the integral 
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First, we integrate with respect to у  
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Then, with respect to х: 
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because under the integral there is an odd function. 
As in the case of (6.14), we obtain 
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And the energy of the interaction between the crack field and the compensation field is written as 
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9. The Energy of the Interaction between the External Field and the Compensation 
Field 
The energy of the interaction between the external field and the compensation field is written as 
( )( ) ( )
( )
( )( )
( )
∫∫∫∫
∫∫
−
=





−
+
−−
++−
=
=



+++++
−
=
V
c
ex
V
cc
yy
ex
V
ex
xy
c
xy
ec
yy
c
yy
ex
xx
c
xx
ex
yy
ex
xx
c
yy
c
xx
dV
aG
dV
aaa
aa
G
dxdyGG
a
aW
ω
σ
ωε
σ
εεεεεεεεεε
34
4
34
2
ˆ
134
142
22212
222
3
 (9.1) 
 
 The integral in (9.1) diverges, that is, 3W  is not limited for an infinite specimen and one 
should use the procedure of cutting and calculate the energy of a specimen of a finite size. Let us 
evaluate the energy of interaction for a specimen of the rectangular shape and  the size along the 
axis of ordinates from - А to А  and along the abcissa axis from– В to В. The energy turns out a 
negative value, i.e. due to it the crack tends to open. Since −∞→3W at ∞→BA, , then for a 
crack emerging on the surface of a semi-infinite specimen there is no critical size and it will 
always open. A critical condition can exist only for a specimen of a finite size. To calculate it 
accurately, one should solve the problem of a crack in a specimen of a finite size. However, the 
relation obtained here can be used for evaluation . 
We have 
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For cω taking indefinite integrals with respect to x  and y
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Differentiating we get  
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Under the integral there is an even in t  function therefore, integration can be performed from 0 
to А. The table shows the numerical calculation data (9.3). In the forth column one can see the 
interval of change of the crack length L . 
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A B j  L 
10000 10000 -340 0,1 - 100 
10000 1000 -4,2 0,1 - 100 
10000 100 -0,04 0,1 - 10 
10000 10 -0,0004 0,1 - 1 
1000 1000 -31 0,1 - 100 
1000 100 -0,42 0,1 - 100 
1000 10 -0,0004 0,1 - 1 
100 100 -3,1 0,1 - 10 
100 10 -0,31 0,1 - 1 
Note that at fixed values of А and В the value of j
 
is constant accurate to one per cent for a wide 
range of values of L . If А and В  simultaneously change n -times, j
 
changes correspondingly. 
Adding (6.21), (7.2), (8.1) and the crack surface energy, differentiating them with respect to L  
and adding (9.3) we obtain a generalized force acting upon the crack in the form 
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Equating (9.4) to zero we derive a critical stress 
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The denominator in (9.5) will be larger than zero for a specimen of sufficiently large size, since 
0<j . (9.5) yields the dependence of the critical stress on the crack length. Besides, when the 
specimen thickness decreases, that is, the size of В, then 
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Hence ∞→
∗
exσ . In this case, the theoretical strength of the material G~  is achieved. It is a well-
known experimental fact. 
Deformation for a flat crack in the  infinite specimen was obtained by Griffith  [6,9]. He also 
calculated approximately its elastic energy. For some unexplained reason, he equated the above 
energy to the surface energy and obtained (9.5). As a result, he derived the critical condition for 
a crack in the infinite specimen. Such equating is meaningless in physics. 
Apparently, he had to do it to get a theoretical basis for the experimentally determined relation 
Lex 1~
∗
σ  (9.6) 
 
According to the general laws of physics, the elastic and surface energies should be added and 
the potential energy of the system should be found, as it was done in (6.22). Then we get a result 
contradicting that obtained by Griffith and, namely, there is no critical stress for an infinite 
specimen, which is clear without any calculations. Both the elastic and surface energies are 
positive and increase with growing crack. Therefore, they can only close crack. Irwin introduced 
the notion of a stress concentrator  [7] as a coefficient at L1  in the stress field near the crack 
head. It is postulated that for each material there exists a critical value of the stress concentrator 
above which the crack grows spontaneously. The possibility of the crack growth due to the 
elastic energy was not considered in [7]. The two theories were necessary to explain the 
experimental fact (9.6). As a matter of fact, the reason for the critical condition of the crack in a 
specimen of the finite size is the elastic energy of the interaction between the external stress and 
the field of stress caused by the deformation of the free surface under the action of the crack. 
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The critical condition is characteristic not only of the crack emerging on the free surface but 
also of the crack located nearly at a distance of several lengths of the crack. 
 
10. Discussion 
The technique of solution of Poisson’s equation suggested here has been illustrated by the 
example of the two-dimensional theory of elasticity. In [10] a previously unknown solution of 
the electron problem was found, that is, the equation (1.21) was solved in the three-dimensional 
case. The equation (1.21) called a continuity equation, enters the system of equations of 
continuum mechanics and is used in the gravitation theory, the theory of electricity, etc. The 
same is true for Poisson’s equation. The results obtained here can be useful for the solution of 
the problems arising in various fields of physics, where these equations occur. 
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